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❝❤❡❝❦❡r t♦ ❡♥s✉r❡ t❤❡ s♦✉♥❞♥❡ss ♦❢ t❤❡ ✜♥❛❧ ♦✉t♣✉t✳
❇❡②♦♥❞ t❤❡ ❛✉t♦♠❛t✐♦♥ ✐ts❡❧❢✱ ❩❡♥♦♥ ❜r✐♥❣s ❛♥ ❡✛❡❝t✐✈❡ ❤❡❧♣ t♦ t❤❡ ❞❡s✐❣♥
♦❢ ❋♦❝❛❧✳ ❋✐rst✱ ❩❡♥♦♥ ✉s❡s t❤❡ t❛❜❧❡❛✉ ♠❡t❤♦❞✳ ❊✈❡♥ t❤♦✉❣❤✱ t❤❡s❡ ❞❛②s✱ t❤✐s
♠❡t❤♦❞ ✐s ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r❡❞ ❛s ♥♦t ✈❡r② ❡✣❝✐❡♥t ✭❝♦♠♣❛r❡❞ t♦ r❡s♦❧✉t✐♦♥✱ ❢♦r
❡①❛♠♣❧❡✮✱ ✐t ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ✈❡r② ❛♣♣r♦♣r✐❛t❡ ❢♦r ❜✉✐❧❞✐♥❣ ❢♦r♠❛❧
♣r♦♦❢s✳ ■♥ t❤✐s ✇❛②✱ ❩❡♥♦♥ ❤❛s ❛ ❧♦✇✲❧❡✈❡❧ ❢♦r♠❛t ♦❢ ♣r♦♦❢s✱ ✇❤✐❝❤ ✐s ✈❡r② ❝❧♦s❡
t♦ ❛ s❡q✉❡♥t ❝❛❧❝✉❧✉s✳ ❋r♦♠ t❤✐s ❧♦✇✲❧❡✈❡❧ ❢♦r♠❛t✱ ❩❡♥♦♥ ❝❛♥ ❞✐r❡❝t❧② ♣r♦❞✉❝❡
♣r♦♦❢s ❢♦r ❈♦q ✭✐t ❝♦✉❧❞ ❜❡ ❡❛s✐❧② ❞♦♥❡ ❢♦r ♦t❤❡r ♣r♦♦❢ ❛ss✐st❛♥ts✮✳ ❚❤✐s ❢❡❛t✉r❡
❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣✉❛r❛♥t❡❡ ♦❢ s♦✉♥❞♥❡ss ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❩❡♥♦♥✱ ❜✉t ✐t
✐s ❛❧s♦ ❡ss❡♥t✐❛❧ t♦ ❋♦❝❛❧✱ ✇❤❡r❡ t❤❡ ❈♦q ♣r♦♦❢s ♣r♦❞✉❝❡❞ ❜② ❩❡♥♦♥ ❛r❡ r❡✐♥s❡rt❡❞
✐♥ t❤❡ ❈♦q s♣❡❝✐✜❝❛t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❋♦❝❛❧ ❝♦♠♣✐❧❡r ❛♥❞ ❢✉❧❧② ✈❡r✐✜❡❞ ❜②
❈♦q✳ ■♥ ❛❞❞✐t✐♦♥✱ ❩❡♥♦♥ ✐s ❛❧s♦ ❛❜❧❡ t♦ ♣r♦❞✉❝❡ ♣r♦♦❢ t❡r♠s ❢♦r ❈♦q ✭✉s✐♥❣ ✐ts
❈✉rr②✲❍♦✇❛r❞ ✐s♦♠♦r♣❤✐s♠ ❝❛♣❛❜✐❧✐t②✮✱ s♦ t❤❛t ❩❡♥♦♥ ✈❡r✐✜❡s t❤❡ ❉❡ ❇r✉✐❥♥
❝r✐t❡r✐♦♥ ❬✶❪✱ ✐✳❡✳ ✐t ❣❡♥❡r❛t❡s ♣r♦♦❢ t❡r♠s t❤❛t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②
❜② ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ ❛♥❞ ❡❛s✐❧② ❤❛♥❞ ❝❤❡❝❦❡❞ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐t ✐s
♣♦ss✐❜❧❡ t♦ ✈❡r✐❢② ❩❡♥♦♥✬s ♣r♦♦❢s ✇✐t❤♦✉t ❈♦q✱ ✉s✐♥❣ ❛♥♦t❤❡r t♦♦❧ t❤❛t ✇♦✉❧❞
✐♠♣❧❡♠❡♥t ♦♥❧② t❤❡ t②♣❡✲❝❤❡❝❦✐♥❣ ♦❢ ❈♦q✳ ❙❡❝♦♥❞✱ ❩❡♥♦♥ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞
❛♥❞ t❤✐s ✐s ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ✉s❡ ♦❢ t❤❡ t❛❜❧❡❛✉ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✐s ❛❧s♦ ✈❡r②
❛♣♣r♦♣r✐❛t❡ t♦ ❤❛♥❞❧❡ ❛❞❞✐t✐♦♥❛❧ r✉❧❡s✳ ❚❤❛♥❦s t♦ t❤✐s ❢❡❛t✉r❡✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ♠❛♥❛❣❡ s♣❡❝✐✜❝ ✭❛♥❞ ♣♦ss✐❜❧② ❧♦❝❛❧✮ ♥❡❡❞s ♦❢ ❛✉t♦♠❛t✐♦♥ ✐♥ ❋♦❝❛❧✱ s✉❝❤ ❛s
❛r✐t❤♠❡t✐❝✱ ✐♥❞✉❝t✐♦♥✱ ❡t❝✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❣✐✈❡ t❤❡ r✉❧❡s ♦❢ t❤❡ s❡❛r❝❤
♠❡t❤♦❞ ✉s❡❞ ❜② ❩❡♥♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ ❢♦r♠❛t ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ♣r♦♦❢s ✭✐♥ t❤✐s ♣❛rt✱
✇❡ ❛❧s♦ ♣♦✐♥t ♦✉t s♦♠❡ s♣❡❝✐✜❝ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ s✉❝❤ ❛s t❤❡ ✉s❡ ♦❢
♥♦♥✲❞❡str✉❝t✐✈❡ r✉❧❡s ❛♥❞ ♣r✉♥✐♥❣✱ t❤❡ ♠❛♥❛❣❡♠❡♥t ♦❢ ❧❡♠♠❛s ♦r t❤❡ ❡①t❡♥s✐♦♥
♠❡❝❤❛♥✐s♠✮❀ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦♦❢ ❢♦r♠❛t ♣r♦❞✉❝❡❞ ❜②
tr❛♥s❧❛t✐♥❣ ❢r♦♠ t❤❡ ♣r♦♦❢ s❡❛r❝❤ r✉❧❡s❀ ✐♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❣✐✈❡ t❤❡ tr❛♥s❧❛t✐♦♥ ❢r♦♠
t❤✐s ✐♥t❡r♠❡❞✐❛t❡ ❢♦r♠❛t t♦ ❈♦q ♣r♦♦❢s❀ ✐♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ♣r♦✈✐❞❡ s♦♠❡ ❡①❛♠♣❧❡s
♦❢ ✉s❡✱ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❚P❚P ❧✐❜r❛r② ❜✉t ❛❧s♦ ❢r♦♠ ❋♦❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳
✷ ▼▲♣r♦♦❢
❚❤❡ ▼▲♣r♦♦❢ ✐♥❢❡r❡♥❝❡ r✉❧❡s ✭❋✐❣✉r❡s ✶ ❛♥❞ ✷✮ ❛r❡ ✉s❡❞ ❜② ❩❡♥♦♥ t♦ s❡❛r❝❤ ❢♦r
❛ ♣r♦♦❢✳ ❚❤❡s❡ r✉❧❡s ❛r❡ ❛♣♣❧✐❡❞ ✇✐t❤ t❤❡ ♥♦r♠❛❧ t❛❜❧❡❛✉ ♠❡t❤♦❞✿ st❛rt✐♥❣ ❢r♦♠
t❤❡ ♥❡❣❛t✐♦♥ ♦❢ t❤❡ ❣♦❛❧✱ ❛♣♣❧② t❤❡ r✉❧❡s ✐♥ t♦♣✲❞♦✇♥ ❢❛s❤✐♦♥ t♦ ❜✉✐❧❞ ❛ tr❡❡✳
❲❤❡♥ ❛❧❧ ❜r❛♥❝❤❡s ❛r❡ ❝❧♦s❡❞ ✭✐✳❡✳ ❡♥❞ ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❝❧♦s✉r❡ r✉❧❡✮✱ t❤❡
tr❡❡ ✐s ❝❧♦s❡❞✳ ❚❤❡ ❝❧♦s❡❞ tr❡❡ ✐s ❛ ♣r♦♦❢ ♦❢ t❤❡ ❣♦❛❧✳
◆♦t❡ t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛♣♣❧✐❡❞ ✐♥ str✐❝t ❞❡♣t❤✲✜rst ♦r❞❡r✿ ✇❡ ❝❧♦s❡ t❤❡
❝✉rr❡♥t ❜r❛♥❝❤ ❜❡❢♦r❡ st❛rt✐♥❣ ✇♦r❦ ♦♥ ❛♥♦t❤❡r ❜r❛♥❝❤✳ ▼♦r❡♦✈❡r✱ ✇❡ ✇♦r❦ ✐♥
❛ ♥♦♥✲❞❡str✉❝t✐✈❡ ✇❛②✿ ✇♦r❦✐♥❣ ♦♥ ♦♥❡ ❜r❛♥❝❤ ✇✐❧❧ ♥❡✈❡r ❝❤❛♥❣❡ t❤❡ ❢♦r♠✉❧❛s
♣r❡s❡♥t ✐♥ ❛♥② ♦t❤❡r ❜r❛♥❝❤✳
❲❡ ❞✐✈✐❞❡ t❤❡s❡ r✉❧❡s ✐♥t♦ ✜✈❡ ❞✐st✐♥❝t ❝❧❛ss❡s t♦ ❜❡ ✉s❡❞ ❢♦r ❛ ♠♦r❡ ❡✣❝✐❡♥t
♣r♦♦❢ s❡❛r❝❤✳ ❚❤✐s ❡①t❡♥❞s t❤❡ ✉s✉❛❧ s❡ts ♦❢ r✉❧❡s ❞❡❛❧✐♥❣ ✇✐t❤ α, β, δ, γ✲❢♦r♠✉❧❛s
❛♥❞ ❝❧♦s✉r❡ ✭⊙✮ ✇✐t❤ t❤❡ s♣❡❝✐✜❝ r✉❧❡s ♦❢ ❩❡♥♦♥✳ ❲❡ ❧✐st ❜❡❧♦✇ t❤❡ ✜✈❡ s❡ts ♦❢
r✉❧❡s ❛♥❞ t❤❡✐r ❡❧❡♠❡♥ts✿
α α¬∨, α∧, α¬⇒, α¬¬,¬r❡✢
✉♥❢♦❧❞✐♥❣ r✉❧❡s
β β∨, β¬∧, β⇒, β⇔, β¬⇔, 6=❢✉♥❝
tr❛♥s✱ ♣r❡❞✱ s②♠✱ tr❛♥ss②♠✱ tr❛♥s❡q✱ tr❛♥s❡qs②♠
δ δ∃, δ¬∀
γ γ∀, γ¬∃, γ∀✐♥st, γ¬∃✐♥st, γ∀✉♥, γ¬∃✉♥
⊙ ⊙⊤,⊙⊥,⊙,⊙r,⊙s
❆s ❤✐♥t❡❞ ❜② t❤❡ ✉s❡ ♦❢ t❤❡ ǫ s②♠❜♦❧ ✐♥ t❤❡ r✉❧❡s✱ t❤❡ δ r✉❧❡s ❛r❡ ❤❛♥❞❧❡❞
✇✐t❤ ❍✐❧❜❡rt✬s ♦♣❡r❛t♦r ❬✼❪ r❛t❤❡r t❤❛♥ ✉s✐♥❣ s❦♦❧❡♠✐③❛t✐♦♥✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s ❞❡s❝r✐❜❡ s♣❡❝✐✜❝ ❢❡❛t✉r❡s ♦❢ ♦✉r t❤❡♦r❡♠ ♣r♦✈❡r✱
st❛rt✐♥❣ ✇✐t❤ ❤♦✇ ♠❡t❛✈❛r✐❛❜❧❡s ❛r❡ ✉s❡❞ ✐♥ ❛ ♥♦♥✲❞❡str✉❝t✐✈❡ s❡tt✐♥❣✳
✷✳✶ ❍❛♥❞❧✐♥❣ ♦❢ ▼❡t❛✈❛r✐❛❜❧❡s
❲❤❛t ✇❡ ❝❛❧❧ ❤❡r❡ ♠❡t❛✈❛r✐❛❜❧❡s ❛r❡ ♦❢t❡♥ ♥❛♠❡❞ ❢r❡❡ ✈❛r✐❛❜❧❡s ✐♥ t❛❜❧❡❛✉✲r❡❧❛t❡❞
❧✐t❡r❛t✉r❡✳ ❚❤❡② ❛r❡ ♥♦t ✉s❡❞ ❛s ✈❛r✐❛❜❧❡s ✐♥ ❩❡♥♦♥ ❛s t❤❡② ❛r❡ ♥❡✈❡r s✉❜st✐t✉t❡❞✳
■♥st❡❛❞ ♦❢ s✉❜st✐t✉t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞✿ ✇❤❡♥ ✇❡ ❡♥❝♦✉♥t❡r ❛
✉♥✐✈❡rs❛❧ ❢♦r♠✉❧❛ ∀x P (x)✱ ✇❡ ❛♣♣❧② r✉❧❡ γ∀M ✱ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ ♠❡t❛✈❛r✐✲
❛❜❧❡✱ ❧✐♥❦❡❞ t♦ t❤✐s ✉♥✐✈❡rs❛❧ ❢♦r♠✉❧❛✳ ❚❤❡♥✱ ✇❤❡♥ ✇❡ ❤❛✈❡ ❛ ♣♦t❡♥t✐❛❧ ❝♦♥tr❛✲
❞✐❝t✐♦♥ s✉❝❤ ❛s ¬Rr(t, X)✱ ✇❡ ❛♣♣❧② r✉❧❡ γ∀✐♥st ✭✇✐t❤ t❤❡ t ❣✐✈❡♥ ❜② t❤❡ ♣♦t❡♥t✐❛❧
❝♦♥tr❛❞✐❝t✐♦♥✮ ✐♥ t❤❡ ❝✉rr❡♥t ❜r❛♥❝❤ t♦ ♦✉r ♦r✐❣✐♥❛❧ ✉♥✐✈❡rs❛❧ ❢♦r♠✉❧❛✳ ■❢ t❤✐s
✐♥st❛♥t✐❛t✐♦♥ ❝❧♦s❡s t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t t❤❡ γ∀✐♥st ♥♦❞❡✱ ✇❡ ❦♥♦✇ t❤❛t ♣r✉♥✐♥❣
✭s❡❡ s❡❝t✐♦♥ ✷✳✷✮ ✇✐❧❧ r❡♠♦✈❡ t❤❡ ♥♦❞❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ γ ♥♦❞❡s✱ ❤❡♥❝❡ r❡♠♦✈✐♥❣
t❤❡ ♥❡❡❞ ❢♦r s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ♠❡t❛✈❛r✐❛❜❧❡✳
















¬P,¬Q | P, Q
¬(P ⇔ Q)
β¬⇔











































¬∃x1...xn P (s(x1, ..., xn))
❘❡❧❛t✐♦♥❛❧ r✉❧❡s
P (t1, ..., tn) ¬P (s1, .., sn)
♣r❡❞
t1 6= s1 | ... | tn 6= sn
f(t1, ..., tn) 6= f(s1, ..., sn)
❢✉♥
t1 6= s1 | ... | tn 6= sn
Rs(s, t) ¬Rs(u, v) s②♠




Rt(s, t) ¬Rt(u, v)
tr❛♥s
u 6= s,¬Rt(u, s) | t 6= v,¬Rt(t, v)
Rts(s, t) ¬Rts(u, v)
tr❛♥ss②♠
v 6= s,¬Rts(v, s) | t 6= u,¬Rts(t, u)
s = t Rt(u, v)
tr❛♥s❡q
u 6= s,¬Rt(u, s) | ¬Rt(u, s),¬Rt(t, v) | t 6= v,¬Rt(t, v)
s = t Rts(u, v)
tr❛♥s❡qs②♠
v 6= s,¬Rts(v, s) | ¬Rts(v, s),¬Rts(t, u) | t 6= u,¬Rts(t, u)
✇❤❡r❡ Rr✱ Rs✱ Rt✱ ❛♥❞ Rts ❛r❡ r❡s♣❡❝t✐✈❡❧② r❡✢❡①✐✈❡✱ s②♠♠❡tr✐❝✱ tr❛♥s✐t✐✈❡✱
❛♥❞ tr❛♥s✐t✐✈❡✲s②♠♠❡tr✐❝ r❡❧❛t✐♦♥s✳
❋✐❣✳ ✶✳ ▼▲♣r♦♦❢ r✉❧❡s ✭♣❛rt ✶✮





















C1, ..., Cp ❡①t✭♥❛♠❡✱❛r❣s✱
[Ci]✱[H1j , ..., Hnk]✮H11, ..., H1m | ... | Hn1, ..., Hnq
✇❤❡r❡ ♥❛♠❡ ✐s t❤❡ ♥❛♠❡ ♦❢ ❛ ♣r❡❞❡✜♥❡❞ ❧❡♠♠❛ s✳t✳







❋✐❣✳ ✷✳ ▼▲♣r♦♦❢ r✉❧❡s ✭♣❛rt ✷✮
■❢ t❤❡ ✐♥st❛♥t✐❛t✐♦♥ ❞♦❡s ♥♦t ❝❧♦s❡ t❤❡ s✉❜tr❡❡✱ t❤❡ ❢♦r♠✉❧❛s ❝♦♥t❛✐♥✐♥❣ t❤❡
♠❡t❛✈❛r✐❛❜❧❡ ❛r❡ st✐❧❧ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❝✉rr❡♥t ❜r❛♥❝❤ t♦ tr✐❣❣❡r ♦t❤❡r ♣♦t❡♥t✐❛❧
❝♦♥tr❛❞✐❝t✐♦♥s✱ ❤❡♥❝❡ ✇❡ ❣❡t ❛s ♠❛♥② ✐♥st❛♥t✐❛t✐♦♥s ❛s ♥❡❡❞❡❞ ❢r♦♠ ❛ s✐♥❣❧❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ γ∀M r✉❧❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ✉s❡ ✐t❡r❛t✐✈❡
❞❡❡♣❡♥✐♥❣ t♦ ❡♥s✉r❡ ❝♦♠♣❧❡t❡♥❡ss✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿
∀x, P (x) ∨ Q(x) ¬P (a) ¬Q(a) γ∀M
P (X) ∨ Q(X)
β∨P (X) γ∀✐♥st








■♥ t❤✐s ❝❛s❡✱ t❤❡ r✉❧❡ γ∀✐♥st ✐s tr✐❣❣❡r❡❞ ❜② t❤❡ ♠❛t❝❤ ❜❡t✇❡❡♥ ¬P (a) ❛♥❞
P (X)✱ ✇❤✐❝❤ t❡❧❧s ✉s t♦ ✐♥st❛♥t✐❛t❡ ∀x, P (x) ∨ Q(x) ✇✐t❤ t❤❡ ✈❛❧✉❡ a✳ ❚❤✐s tr❡❡
✐s ♥♦t ❛ ❝♦♠♣❧❡t❡ ♣r♦♦❢ ❜❡❝❛✉s❡ ✐t ❤❛s ❛♥ ♦♣❡♥ ❜r❛♥❝❤ ✭✉♥❞❡r Q(X)✮✳ ❆s ✇❡ ✇✐❧❧
s❡❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ t❤✐s ♦♣❡♥ ❜r❛♥❝❤ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ ❡①♣❧♦r❡❞ ❜❡❝❛✉s❡ ✇❡
❝❛♥ r❡♠♦✈❡ ✐t ✭❛❧♦♥❣ ✇✐t❤ s♦♠❡ ♥♦❞❡s✮ t♦ ②✐❡❧❞ ❛ ❝❧♦s❡❞ ♣r♦♦❢ tr❡❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧
❢♦r♠✉❧❛s✳
✷✳✷ ▼✐♥✐♠✐③✐♥❣ t❤❡ ❚r❡❡ ❙✐③❡
❋♦r ❡✣❝✐❡♥t ♣r♦♦❢ s❡❛r❝❤✱ ❛ ♣r♦✈❡r ♠✉st ♠✐♥✐♠✐③❡ t❤❡ s✐③❡ ♦❢ t❤❡ s❡❛r❝❤ tr❡❡✳ ❚❤✐s
✐s ❞♦♥❡ ✐♥ t✇♦ ✇❛②s✳ ❚❤❡ ✜rst ✐s ❜② ❝❤♦♦s✐♥❣ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ r✉❧❡s ❛r❡
❛♣♣❧✐❡❞ ✿ ♥♦♥✲❜r❛♥❝❤✐♥❣ r✉❧❡s ❛r❡ tr✐❡❞ ✜rst✳ ■t ✐♥❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ≺ ♦r❞❡r✐♥❣
♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r✉❧❡s ⊙ ≺ α ≺ δ ≺ β ≺ γ✱ st❛t✐♥❣ t❤❡r❡❜② t❤❛t ❛♥②
❛♣♣❧✐❝❛❜❧❡ ⊙ r✉❧❡ ❤❛s ♣r✐♦r✐t② ♦✈❡r ❛♥② ♦❢ t❤❡ ♦t❤❡r ♣♦ss✐❜❧❡ r✉❧❡s✳
❚❤❡ s❡❝♦♥❞ ✐s ❜② ♣r✉♥✐♥❣✳ ❲❤❡♥ ❛ ❜r❛♥❝❤✐♥❣ ♥♦❞❡ N ❤❛s ❛ ❝❧♦s❡❞ s✉❜tr❡❡ ❛s
♦♥❡ ♦❢ ✐ts ❜r❛♥❝❤❡s B✱ ✇❡ ❝❛♥ ❡①❛♠✐♥❡ t❤✐s ❝❧♦s❡❞ s✉❜tr❡❡ t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤
❢♦r♠✉❧❛s ❛r❡ ✉s❡❢✉❧✳ ■❢ t❤❡ ❢♦r♠✉❧❛ ✐♥tr♦❞✉❝❡❞ ❜② N ✐♥ B ✐s ♥♦t ✐♥ t❤❡ s❡t ♦❢
✉s❡❢✉❧ ❢♦r♠✉❧❛s✱ ✇❡ ❝❛♥ r❡♠♦✈❡ N ❛♥❞ ❣r❛❢t t❤❡ s✉❜tr❡❡ ✐♥ ✐ts ♣❧❛❝❡ ❜❡❝❛✉s❡ t❤❡
s✉❜tr❡❡ ✐s ❛ ✈❛❧✐❞ r❡❢✉t❛t✐♦♥ ♦❢ B ✇✐t❤♦✉t N ✳
❚❤❡ ♥♦t✐♦♥ ♦❢ ✉s❡❢✉❧ ❢♦r♠✉❧❛ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ❛ ❢♦r♠✉❧❛ ✐s ✉s❡❢✉❧ ✐♥ ❛
s✉❜tr❡❡ ✐❢ ✐t ✐s ♦♥❡ ♦❢ t❤❡ ❢♦r♠✉❧❛s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❤②♣♦t❤❡s❡s ✭t❤❡ ✉♣♣❡r s✐❞❡✮
♦❢ ❛ r✉❧❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ t❤❛t s✉❜tr❡❡✳
❈♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡ ♦❢ s❡❝t✐♦♥ ✷✳✶✳ ❚❤❡r❡ ✐s ❛ s✉❜tr❡❡ r♦♦t❡❞ ❛t t❤❡ ∀✐♥st
♥♦❞❡✳ ❚❤✐s s✉❜tr❡❡ ❞♦❡s ♥♦t ✉s❡ t❤❡ ❢♦r♠✉❧❛ P (X) t❤❛t ❛♣♣❡❛rs ❥✉st ❛❜♦✈❡ ✐t✱
❜❡❝❛✉s❡ t❤❡ ♣r❡♠✐s❡ ♦❢ t❤❡ ∀✐♥st r✉❧❡ ✐s t❤❡ ❢♦r♠✉❧❛ ∀x, P (x) ∨Q(x) ❛t t❤❡ r♦♦t
♦❢ t❤❡ ♣r♦♦❢ tr❡❡✱ ❛♥❞ ♥♦♥❡ ♦❢ t❤❡ ♦t❤❡r s✉❜tr❡❡ ♥♦❞❡s ✉s❡s P (X)✳ ❇❡❝❛✉s❡ ♦❢
t❤✐s✱ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ β∨ ♥♦❞❡ ❛❜♦✈❡ t❤❡ s✉❜tr❡❡✱ ❛♥❞ ❣r❛❢t t❤❡ s✉❜tr❡❡ ✐♥ ✐ts
♣❧❛❝❡✳ ❲❡ ❝❛♥ ♣r♦❝❡❡❞ ✐♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ t♦ r❡♠♦✈❡ t❤❡ γ∀M ♥♦❞❡✱ ❛♥❞ ✇❡ ❣❡t
t❤❡ ❢♦❧❧♦✇✐♥❣ tr❡❡✿
∀x, P (x) ∨ Q(x) ¬P (a) ¬Q(a) γ∀✐♥st







❚❤✐s t✐♠❡✱ t❤❡ ♣r♦♦❢ tr❡❡ ✐s ❝❧♦s❡❞ ❛♥❞ t❤❡ ♣r♦♦❢ s❡❛r❝❤ ✐s ♦✈❡r✳ ❚❤❡ ✐♠♣♦r✲
t❛♥❝❡ ♦❢ t❤✐s ♣r✉♥✐♥❣ ✐s t❤❛t ✇❡ ❤❛✈❡ ❝♦♠♣❧❡t❡❧② ❛✈♦✐❞❡❞ ❞♦✐♥❣ t❤❡ ♣r♦♦❢ s❡❛r❝❤
❜❡❧♦✇ t❤❡ Q(X) ❜r❛♥❝❤ ❜② ❝❛r❡❢✉❧❧② ❡①❛♠✐♥✐♥❣ t❤❡ r❡s✉❧t ♦❢ t❤❡ ♣r♦♦❢ s❡❛r❝❤ ✐♥
t❤❡ P (X) ❜r❛♥❝❤✱ t❤❡r❡❜② r❡❞✉❝✐♥❣ t❤❡ ❜r❛♥❝❤✐♥❣ ❢❛❝t♦r ♦❢ t❤❡ s❡❛r❝❤ tr❡❡✳ ■♥
t❤❡ ♣r♦❝❡ss✱ ✇❡ ❤❛✈❡ r❡❞✉❝❡❞ t❤❡ s✐③❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣r♦♦❢ ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡
♣r♦♦❢ s❡❛r❝❤ tr❡❡✳
✷✳✸ ❊①t❡♥s✐♦♥s
❩❡♥♦♥ ♦✛❡rs t❤❡ ❛❜✐❧✐t② t♦ ❡①t❡♥❞ ✐ts ❝♦r❡ ♦❢ ❞❡❞✉❝t✐✈❡ r✉❧❡s t♦ ♠❛t❝❤ ❝❡rt❛✐♥
s♣❡❝✐✜❝ r❡q✉✐r❡♠❡♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❡①t❡♥s✐♦♥ ♥❛♠❡❞ ❈♦q❜♦♦❧ ✐s r❡❣✉❧❛r❧②
✉s❡❞ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❋♦❝❛❧✱ ✇❤❡r❡ ❛ ❢✉♥❝t✐♦♥ P (x, y) r❡t✉r♥✐♥❣ ❛ ❜♦♦❧❡❛♥ r❡s✉❧t
✐s ❡♥❝❛♣s✉❧❛t❡❞ ✐♥t♦ ❛ ■s❴tr✉❡✭P✭①✱②✮✮ ♣r❡❞✐❝❛t❡ ❛s ✐t ✐s tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ ❈♦q ✜❧❡✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ P ✐s tr❛♥s✐t✐✈❡ ✭❢♦r ❡①❛♠♣❧❡✮✱ t❤✐s ♣r❡✈❡♥ts
❩❡♥♦♥ ❢r♦♠ ✉s✐♥❣ ✐ts s♣❡❝✐✜❝ ✐♥❢❡r❡♥❝❡ r✉❧❡s✱ t❤❡r❡❜② r❡❞✉❝✐♥❣ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡
♣r♦♦❢ s❡❛r❝❤✳ ❖✉r s♦❧✉t✐♦♥ ✐s t♦ tr❛♥s❢♦r♠ ❛❧❧ ♦❝❝✉rr❡♥❝❡s ♦❢ ■s❴tr✉❡✭P✭①✱②✮✮
✐♥t♦ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ■s❴tr✉❡❴❴P✭①✱②✮ ♣r❡❞✐❝❛t❡ ✇❤✐❝❤ ✇✐❧❧ ❧❡t ❩❡♥♦♥ ♠❛❦❡ ✉s❡
♦❢ ✐ts tr❛♥s✐t✐✈✐t② ♣r♦♣❡rt②✳
❈♦♥❝r❡t❡❧②✱ ❡①t❡♥s✐♦♥s ❛r❡ ❛r❜✐tr❛r② ❖❈❛♠❧ ✜❧❡s t❤❛t ✐♠♣❧❡♠❡♥t ♥❡✇ ✐♥❢❡r❡♥❝❡
r✉❧❡s❀ t❤❡② ❛r❡ ❧♦❛❞❡❞ t❤r♦✉❣❤ ❝♦♠♠❛♥❞✲❧✐♥❡ ♦♣t✐♦♥s ✇❤❡♥ ❩❡♥♦♥ ✐s st❛rt❡❞✱
❛❧♦♥❣ ✇✐t❤ ❈♦q ✜❧❡s ❝♦♥t❛✐♥✐♥❣ t❤❡ ❧❡♠♠❛s ✉s❡❞ t♦ tr❛♥s❧❛t❡ t❤❡ ✐♥❢❡r❡♥❝❡ r✉❧❡s
✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❡①t❡♥s✐♦♥✳
✷✳✹ ❙✉❜s✉♠♣t✐♦♥
❲❤❡♥❡✈❡r t❤❡ ❝✉rr❡♥t ❜r❛♥❝❤ ❝♦♥t❛✐♥s ❛ s✉♣❡rs❡t ♦❢ t❤❡ ❢♦r♠✉❧❛s ✉s❡❞ ✐♥ ❛♥
❛❧r❡❛❞②✲❝❧♦s❡❞ s✉❜tr❡❡✱ ✇❡ ❝❛♥ ❣r❛❢t t❤✐s s✉❜tr❡❡ ❛t t❤❡ ❝✉rr❡♥t ♥♦❞❡ ❜❡❝❛✉s❡ ✐t
✐s ❛ ✈❛❧✐❞ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝✉rr❡♥t ❜r❛♥❝❤✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♠❛✐♥t❛✐♥s ❛ ❞❛t❛
str✉❝t✉r❡ ✇✐t❤ ❛❧❧ t❤❡ s✉❜tr❡❡s ❝❧♦s❡❞ s♦ ❢❛r ✭✐♥❞❡①❡❞ ❜② t❤❡✐r ✉s❡❞ ❢♦r♠✉❧❛s✮ ❛♥❞
q✉❡r✐❡s t❤✐s ❞❛t❛ ❡❛❝❤ t✐♠❡ ❛ ❢♦r♠✉❧❛ ✐s ❛❞❞❡❞ t♦ t❤❡ ❝✉rr❡♥t ❜r❛♥❝❤✳
❲❡ ❝❛♥ ✐❧❧✉str❛t❡ s✉❜s✉♠♣t✐♦♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿




















❈♦♥s✐❞❡r t❤❡ D∗ s✉❜tr❡❡ ✐♥ t❤❡ ❧❡❢t ❤❛❧❢ ♦❢ t❤❡ tr❡❡ ❛♥❞ t❤❡ ♦♣❡♥ ❜r❛♥❝❤ ✉♥❞❡r
D✳ ❚❤❡ ❢♦r♠✉❧❛s ✉s❡❞ ❜② t❤❡ D∗ s✉❜tr❡❡ ❛r❡ D✱ D ⇒ E✱ ❛♥❞ ¬E✳ ❚❤❡ s❛♠❡
❢♦r♠✉❧❛s ❛r❡ ❛❧r❡❛❞② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ♦♣❡♥ ❜r❛♥❝❤✱ t❤✉s ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ s❡❛r❝❤
❢♦r ❛ ♣r♦♦❢✿ ✇❡ ❝❛♥ s✐♠♣❧② r❡✉s❡ t❤❡ D∗ s✉❜tr❡❡✳ ■♥ ❢❛❝t✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
❞♦❡s ♥♦t ❝♦♣② t❤❡ s✉❜tr❡❡✱ ❜✉t ✉s❡s s❤❛r✐♥❣ ✭❤❡♥❝❡ t✉r♥✐♥❣ t❤❡ ♣r♦♦❢ tr❡❡ ✐♥t♦ ❛
❞❛❣✮✳ ❙✉❝❤ s❤❛r❡❞ s✉❜tr❡❡s ❛♣♣❡❛r ❛s ❧❡♠♠❛s ✐♥ t❤❡ ❈♦q ♣r♦♦❢ ♦✉t♣✉t✳
✸ ▲▲♣r♦♦❢
▲▲♣r♦♦❢ ✐s t❤❡ ❧♦✇✲❧❡✈❡❧ ❧❛♥❣✉❛❣❡ ♦❢ ♣r♦♦❢s ♣r♦❞✉❝❡❞ ❜② ❩❡♥♦♥✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡
❣❡♥❡r❛t✐♦♥ ♦❢ ♠❛❝❤✐♥❡ ❝❤❡❝❦❛❜❧❡ ♣r♦♦❢s ♣♦ss✐❜❧❡ ✭s❡❡ ❙❡❝t✐♦♥ ✹ ❢♦r ❛♥ ❡①❛♠♣❧❡ ✐♥
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❈♦q✮✳ ❖♥❝❡ ❛ ♣r♦♦❢ ❤❛s ❜❡❡♥ ❢♦✉♥❞ ✇✐t❤ t❤❡ ▼▲♣r♦♦❢ r✉❧❡s✱ ✐t
✐s tr❛♥s❧❛t❡❞ t♦ t❤✐s s❡q✉❡♥t✲❧✐❦❡ ❧❛♥❣✉❛❣❡✳ ❲❡ ✇✐❧❧ s❦❡t❝❤ ❛ ♣r♦♦❢ ♦❢ s♦✉♥❞♥❡ss
❛♥❞ ❝♦♠♣❧❡t❡♥❡ss ♦❢ ▼▲♣r♦♦❢ ♣r♦♦❢s ✇✳r✳t✳ ▲▲♣r♦♦❢ ♣r♦♦❢s✳
▲▲♣r♦♦❢ r✉❧❡s ✭❋✐❣✉r❡s ✸ ❛♥❞ ✹✮ ✐♥❞❡❡❞ ❞❡s❝r✐❜❡ ❛ ♦♥❡✲s✐❞❡❞ s❡q✉❡♥t ❝❛❧❝✉❧✉s
✇✐t❤ ❡①♣❧✐❝✐t ❝♦♥tr❛❝t✐♦♥s ✐♥ ❡✈❡r② ✐♥❢❡r❡♥❝❡ r✉❧❡✱ ✇❤✐❝❤ r♦✉❣❤❧② r❡s❡♠❜❧❡s ❛♥
✉♣s✐❞❡✲❞♦✇♥ ♥♦♥✲❞❡str✉❝t✐✈❡ t❛❜❧❡❛✉ ♠❡t❤♦❞✳ ❚❤✐s s❡q✉❡♥t ❝❛❧❝✉❧✉s ✐s ❡①t❡♥❞❡❞
t♦ ❤❛♥❞❧❡ ✉♥❢♦❧❞✐♥❣✱ ❧❡♠♠❛s ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ ♠❡❝❤❛♥✐s♠ ♦❢ ❩❡♥♦♥✳
❚r❛♥s❧❛t✐♥❣ ♠✐❞✲❧❡✈❡❧ t♦ ❧♦✇✲❧❡✈❡❧ ♣r♦♦❢s ❣✐✈❡s ✉s ❛ ❞✐r❡❝t ♣r♦♦❢ ♦❢ s♦✉♥❞♥❡ss
❢♦r ▼▲♣r♦♦❢ ✇✳r✳t✳ ▲▲♣r♦♦❢✳ ❚❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♣❛rts
♦❢ t❤❡ t✇♦ ❝❛❧❝✉❧✐✱ ♠♦st ♥♦t❛❜❧② t❤♦s❡ ✇❤✐❝❤ ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ q✉❛♥t✐✜❡rs ✐♥
▼▲♣r♦♦❢ ✭q✉❛♥t✐✜❡r✲❢r❡❡ ❢r❛❣♠❡♥t✱ ❛①✐♦♠s✮✳
❲❡ ❝❛♥ ♥♦✇ ♣r♦❝❡❡❞ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳
❚❤❡♦r❡♠ ✶ ✭❙♦✉♥❞♥❡ss ❛♥❞ ❝♦♠♣❧❡t❡♥❡ss ♦❢ ▼▲♣r♦♦❢ ✇✳r✳t✳ ▲▲♣r♦♦❢✮✳
✶✳ ❊✈❡r② ❢♦r♠✉❧❛ ♣r♦✈❛❜❧❡ ✐♥ ▲▲♣r♦♦❢ ❤❛s ❛ ♣r♦♦❢ ✐♥ ▼▲♣r♦♦❢✳
✷✳ ❊✈❡r② ❢♦r♠✉❧❛ ♣r♦✈❛❜❧❡ ✐♥ ▼▲♣r♦♦❢ ❤❛s ❛ ♣r♦♦❢ ✐♥ ▲▲♣r♦♦❢✳
Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✶✮ ✐s ✐♠♠❡❞✐❛t❡ ❛s ❡✈❡r② r✉❧❡ ♦❢ ▲▲♣r♦♦❢ ❤❛s ❛ ❞✐r❡❝t ❡q✉✐✈❛❧❡♥t
✐♥ ▼▲♣r♦♦❢✱ ❡①❝❡♣t t❤❡ ❧❡♠♠❛ r✉❧❡✱ ❜✉t ✇❡ ❝❛♥ ♦♥❧② ❛♣♣❧② t❤❡ ❧❡♠♠❛ r✉❧❡ ✇❤❡♥






Γ, P,¬P ⊢ ⊥
6=
t 6= t ⊢ ⊥
Γ, P,¬¬P ⊢ ⊥
¬¬
Γ, P ⊢ ⊥
Γ, P ⊢ ⊥ Γ,¬P ⊢ ⊥
❝✉t
Γ ⊢ ⊥
Γ, P ∧ Q, P, Q ⊢ ⊥
∧
Γ, P ∧ Q ⊢ ⊥
Γ, P ∨ Q, P ⊢ ⊥ Γ, P ∨ Q, Q ⊢ ⊥
∨
Γ, P ∨ Q ⊢ ⊥
Γ, P,¬Q,¬(P ⇒ Q) ⊢ ⊥
¬ ⇒
Γ,¬(P ⇒ Q) ⊢ ⊥
Γ,¬P, P ⇒ Q ⊢ ⊥ Γ, Q, P ⇒ Q ⊢ ⊥
⇒
Γ, P ⇒ Q ⊢ ⊥
Γ,¬P,¬Q,¬(P ∨ Q) ⊢ ⊥
¬ ∨
Γ,¬(P ∨ Q) ⊢ ⊥
Γ,¬P,¬(P ∧ Q) ⊢ ⊥ Γ,¬Q,¬(P ∧ Q) ⊢ ⊥
¬ ∧
Γ,¬(P ∧ Q) ⊢ ⊥
Γ, P ⇔ Q,¬P,¬Q ⊢ ⊥ Γ, P ⇔ Q, P, Q ⊢ ⊥
⇔
Γ, P ⇔ Q ⊢ ⊥
Γ,¬P, Q,¬(P ⇔ Q) ⊢ ⊥ Γ, P,¬Q,¬(P ⇔ Q) ⊢ ⊥
¬ ⇔
Γ,¬(P ⇔ Q) ⊢ ⊥
❋✐❣✳ ✸✳ ▲▲♣r♦♦❢ r✉❧❡s ✭♣❛rt ✶✮
✇❡ ❤❛✈❡ ❛ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✬s st❛t❡♠❡♥t✱ ✇❤✐❝❤ ✇❡ ❝❛♥ ❤❛♥❞❧❡ ✐♥ ▼▲♣r♦♦❢ ❜②
❣r❛❢t✐♥❣ ❛ ❝♦♣② ♦❢ t❤❡ ❧❡♠♠❛✬s ♣r♦♦❢ ✐♥ t❤❡ ♣❧❛❝❡ ♦❢ t❤❡ ❧❡♠♠❛ r✉❧❡✳
❚❤❡ ♣r♦♦❢ ♦❢ ✭✷✮ ✐s ♥♦t s♦ ✐♠♠❡❞✐❛t❡ ❛s ✇❡ ❤❛✈❡ t♦ tr❛♥s❢♦r♠ s♦♠❡ ▼▲♣r♦♦❢
r✉❧❡s ✇❤✐❝❤ ❛r❡ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ♦r ♠♦r❡ ❧♦✇❡r✲❧❡✈❡❧ r✉❧❡s✳ ■t ♣r♦❝❡❡❞s ❜②
✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ▼▲♣r♦♦❢ ♣r♦♦❢s❀ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ ❛r❡ ♥♦t ❣✐✈❡♥
❤❡r❡✳
✹ Pr♦❞✉❝✐♥❣ ❈♦q Pr♦♦❢s
❆s ✇❡ s❛✐❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❩❡♥♦♥ ✐s ❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❈♦q ❬✶✸❪ ♣r♦♦❢s✱ ❛♥❞
t❤✐s ❛✉t♦♠❛t✐❝ ❣❡♥❡r❛t✐♦♥ ✐s ❝❛rr✐❡❞ ♦✉t ❢r♦♠ t❤❡ ▲▲♣r♦♦❢ ❢♦r♠❛t ❞❡s❝r✐❜❡❞ ✐♥
❙❡❝t✐♦♥ ✸✳ ❋r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ❢❡❛t✉r❡ ❡♥s✉r❡s t❤❡ s♦✉♥❞♥❡ss ♦❢
t❤❡ ▲▲♣r♦♦❢ ❢♦r♠❛❧✐s♠ ✭✇✳r✳t✳ ❛ ❦♥♦✇♥ t❤❡♦r②✮✱ ✇❤❡r❡❛s ❢r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢
✈✐❡✇✱ t❤✐s ♣r♦✈✐❞❡s ❛ ✭❧♦❝❛❧✮ ❣✉❛r❛♥t❡❡ ♦❢ ❩❡♥♦♥✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❇✉t ❡s♣❡❝✐❛❧❧②✱
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❋♦❝❛❧ s②st❡♠ ❬✶✺❪✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ♣r♦❞✉❝❡ ❤♦♠♦❣❡♥❡♦✉s
❈♦q ❝♦❞❡ ✭✇❤❡r❡ t❤❡ ❈♦q ♣r♦♦❢s ❜✉✐❧t ❜② ❩❡♥♦♥ ❛r❡ r❡✐♥s❡rt❡❞ ✐♥ t❤❡ ❈♦q s♣❡❝✐✲
✜❝❛t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❋♦❝❛❧ ❝♦♠♣✐❧❡r✮✱ t❤❛t ❝❛♥ ❜❡ ❢✉❧❧② ✈❡r✐✜❡❞ ❜② ❈♦q✳
✹✳✶ ❚r❛♥s❧❛t✐♦♥
❚❤❡ tr❛♥s❧❛t✐♦♥ ❝♦♥s✐sts ✐♥ ♣r♦❞✉❝✐♥❣✱ ❢r♦♠ ♣r♦♦❢s ♣r♦✈✐❞❡❞ ✐♥ ▲▲♣r♦♦❢ ❢♦r♠❛t✱
♣r♦♦❢s ✐♥ t❤❡ t❤❡♦r② ♦❢ t❤❡ t❤❡♦r❡♠ ♣r♦✈❡r ✇❡ ❝❤♦s❡ t♦ ♣❡r❢♦r♠ t❤❡ ✈❛❧✐❞❛t✐♦♥✱
◗✉❛♥t✐✜❡r r✉❧❡s
Γ, P (c), ∃x P (x) ⊢ ⊥
∃
Γ, ∃x P (x) ⊢ ⊥
Γ,¬P (c),¬∀x P (x) ⊢ ⊥
¬∀
Γ,¬∀x P (x) ⊢ ⊥
✇❤❡r❡ c ✐s ❛ ❢r❡s❤ ❝♦♥st❛♥t
Γ, P (t), ∀x P (x) ⊢ ⊥
∀
Γ, ∀x P (x) ⊢ ⊥
Γ,¬P (t),¬∃x P (x) ⊢ ⊥
¬∃
Γ,¬∃x P (x) ⊢ ⊥
✇❤❡r❡ t ✐s ❛♥② ❝❧♦s❡❞ t❡r♠
❙♣❡❝✐❛❧ r✉❧❡s
∆, t1 6= u1 ⊢ ⊥ ... ∆, tn 6= un ⊢ ⊥
♣r❡❞
Γ, P (t1, ..., tn),¬P (u1, ..., un) ⊢ ⊥
✇❤❡r❡ ∆ = Γ ∪ {P (t1, ..., tn),¬P (u1, ..., un)}
∆, t1 6= u1 ⊢ ⊥ ... ∆, tn 6= un ⊢ ⊥
❢✉♥
Γ, f(t1, ..., tn) 6= f(u1, ..., un) ⊢ ⊥
✇❤❡r❡ ∆ = Γ ∪ {f(t1, ..., tn) 6= f(u1, ..., un)}
Γ, C, H ⊢ ⊥
❞❡❢✭♥❛♠❡✱C✱H✮
Γ, C ⊢ ⊥
✐❢ ♦♥❡ ❝❛♥ ❣♦ ❢r♦♠ C t♦ H ❜② ✉♥❢♦❧❞✐♥❣ ❞❡✜♥✐t✐♦♥ ♥❛♠❡✳
∆, H11, ..., H1m ⊢ ⊥ ... ∆, Hn1, ..., Hnq ⊢ ⊥ ❡①t✭♥❛♠❡✱❛r❣s✱
[Ci]✱[H1j , ..., Hnk]✮Γ, C1, ..., Cp ⊢ ⊥
✇❤❡r❡ ∆ = Γ ∪ {C1, ..., Cp}
♥❛♠❡ ✐s t❤❡ ♥❛♠❡ ♦❢ ❛ ♣r❡❞❡✜♥❡❞ ❧❡♠♠❛ s✳t✳









✐❢ C ✐s t❤❡ ❝♦♥❝❧✉s✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♥❛♠❡ ✐♥ t❤❡ ❧✐st ♦❢ ♣r❡✈✐♦✉s❧②✲❞♦♥❡ ♣r♦♦❢s✳
❆r❣✉♠❡♥ts ❛r❣s ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ♥❛♠❡✳
❋✐❣✳ ✹✳ ▲▲♣r♦♦❢ r✉❧❡s ✭♣❛rt ✷✮
✇❤✐❝❤ ✐s ❈♦q ✐♥ ♦✉r ❝❛s❡✳ ❚❤✐s tr❛♥s❧❛t✐♦♥ ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞ ❢♦r s♦♠❡ r❡❛✲
s♦♥s ✐♥❤❡r❡♥t t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ t❤❡♦r② ♦❢ ❈♦q✱ ❜✉t ❛❧s♦ t♦ ❈♦q ✐ts❡❧❢✳ ❖♥❡ ♦❢
t❤❡♠ ✐s t❤❛t t❤❡ t❤❡♦r② ♦❢ ❈♦q ✐s ❜❛s❡❞ ♦♥ ❛♥ ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝✱ ✐✳❡✳ ✇✐t❤♦✉t
t❤❡ ❡①❝❧✉❞❡❞ ♠✐❞❞❧❡✱ ✇❤❡r❡❛s ▲▲♣r♦♦❢ ✐s ♣✉r❡❧② ❝❧❛ss✐❝❛❧✳ ❚♦ ❛❞❛♣t t❤❡ t❤❡♦r② ♦❢
❈♦q t♦ ▲▲♣r♦♦❢✱ ✇❡ ❤❛✈❡ t♦ ❛❞❞ t❤❡ ❡①❝❧✉❞❡❞ ♠✐❞❞❧❡ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ t❤❡♦r② ✐s
st✐❧❧ ❝♦♥s✐st❡♥t✳ ❇✉t ❈♦q ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛ ❣❡♥✉✐♥❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡ ✭❡✈❡♥ ✐❢ t❤❡
❝❧❛ss✐❝❛❧ ❧✐❜r❛r② ✐s ❧♦❛❞❡❞✮✱ ✐✳❡✳ ✇✐t❤ ❛ ❝❧❛ss✐❝❛❧ s❡q✉❡♥t ❛❧❧♦✇✐♥❣ s❡✈❡r❛❧ ♣r♦♣♦✲
s✐t✐♦♥s ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✱ s♦ t❤❛t ♣r♦♦❢s ♠✉st st✐❧❧ ❜❡ ❝♦♠♣❧❡t❡❞ ✉s✐♥❣ ❛♥
✐♥t✉✐t✐♦♥✐st✐❝ s❡q✉❡♥t ✭✇✐t❤ ♦♥❧② ♦♥❡ ♣r♦♣♦s✐t✐♦♥ t♦ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✮ ❛♥❞ t❤❡
❡①❝❧✉❞❡❞ ♠✐❞❞❧❡ ♠✉st ❜❡ ❛❞❞❡❞ ❛s ❛♥ ❛①✐♦♠✳ ❙✉❝❤ ❛ s②st❡♠ ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞
t♦ ●❡♥t③❡♥✬s ▲❑ s❡q✉❡♥t ❝❛❧❝✉❧✉s✱ ✇❤✐❝❤ ✐s ♥♦r♠❛❧❧② ✉s❡❞ ✇❤❡♥ ❞♦✐♥❣ ❝❧❛ss✐❝❛❧
♣r♦♦❢s✱ ❜✉t r❛t❤❡r t♦ ●❡♥t③❡♥✬s ▲❏ s❡q✉❡♥t ❝❛❧❝✉❧✉s ♣r♦✈✐❞❡❞ ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t
❡①❝❧✉❞❡❞ ♠✐❞❞❧❡ r✉❧❡✳ ❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❞♦✐♥❣ ♣r♦♦❢s ✐♥ t❤✐s s②st❡♠
✐s ♠♦r❡ ❞✐✣❝✉❧t t❤❛♥ ✐♥ ▲❑ ✭✇❤❡r❡ t❤❡ r✐❣❤t ❝♦♥tr❛❝t✐♦♥ r✉❧❡ ✐s ❛ ❣♦♦❞ s❤♦rt✲
❝✉t✮✱ ❜✉t ✐♥ ♦✉r ❝❛s❡ t❤✐s ❤❛s ❧✐tt❧❡ ❡✛❡❝t ❜❡❝❛✉s❡ ❛❧❧ ♦✉r ♣r♦♦❢s ❛r❡ ♣r♦❞✉❝❡❞
❛✉t♦♠❛t✐❝❛❧❧②✳
❇❡②♦♥❞ ♣r❡❞✐❝❛t❡ ❝❛❧❝✉❧✉s ✐♥ ❣❡♥❡r❛❧✱ ❩❡♥♦♥✱ ❧✐❦❡ ♠♦st ♦❢ ✜rst ♦r❞❡r ❛✉t♦✲
♠❛t❡❞ ❞❡❞✉❝t✐♦♥ s②st❡♠s✱ ❝♦♥s✐❞❡rs ❡q✉❛❧✐t② ❛s ❛ s♣❡❝✐❛❧ ♣r❡❞✐❝❛t❡ ❛♥❞ ✉s❡s
s♣❡❝✐✜❝ r✉❧❡s t♦ ❞❡❛❧ ✇✐t❤ ✐t✳ ❚❤✉s✱ t♦ tr❛♥s❧❛t❡ ❡q✉❛❧✐t② ♣r♦♦❢s ❝♦rr❡❝t❧②✱ ✇❡
❤❛✈❡ t♦ ❡①t❡♥❞ t❤❡ t❤❡♦r② ♦❢ ▲❏ ✇✐t❤ ❡q✉❛t✐♦♥❛❧ ❧♦❣✐❝ r✉❧❡s✳ ❙✉❝❤ ❛ t❤❡♦r② ✇✐❧❧
❜❡ ❝❛❧❧❡❞ LJeq ✭❞✉❡ t♦ s♣❛❝❡ ❝♦♥str❛✐♥ts✱ ✇❡ ❝❛♥♥♦t ❣✐✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r✉❧❡s✱
❜✉t t❤✐s t❤❡♦r② ✐s q✉✐t❡ st❛♥❞❛r❞ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❧✐t❡r❛t✉r❡✮✳
❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿
❚❤❡♦r❡♠ ✷ ✭❙♦✉♥❞♥❡ss ♦❢ ▲▲♣r♦♦❢ ✇✳r✳t✳ LJeq✮✳ ❊✈❡r② s❡q✉❡♥t ♣r♦✈❛❜❧❡ ✐♥
▲▲♣r♦♦❢ ❤❛s ❛ ♣r♦♦❢ ✐♥ LJeq✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦✈❡r t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡
s❡q✉❡♥t ✐♥ ▲▲♣r♦♦❢✳ ❉✉❡ t♦ s♣❛❝❡ ❝♦♥str❛✐♥ts✱ ✇❡ ❝❛♥♥♦t ❞❡t❛✐❧ t❤❡ ♠❛♥② ❝❛s❡s✱
❜✉t ❛s ❛♥ ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ¬ ∧ r✉❧❡ ♦❢ ▲▲♣r♦♦❢✱
✇❤✐❝❤ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
π1
Γ ,¬(P ∧ Q),¬P ⊢ ⊥
π2
Γ ,¬(P ∧ Q),¬Q ⊢ ⊥
¬ ∧
Γ ,¬(P ∧ Q) ⊢ ⊥
✇❤❡r❡ π1 ❛♥❞ π2 ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♣r♦♦❢s ♦❢ Γ ,¬(P ∧ Q),¬P ⊢ ⊥ ❛♥❞
Γ ,¬(P ∧ Q),¬Q ⊢ ⊥✳
❚❤✐s r✉❧❡ ✐s tr❛♥s❧❛t❡❞ ✐♥ LJeq ❛s ❢♦❧❧♦✇s✿
π̂1
Γ ,¬(P ∧ Q),¬P ⊢ ⊥
¬right
Γ ,¬(P ∧ Q) ⊢ ¬¬P
em
Γ ,¬(P ∧ Q) ⊢ P
π̂2
Γ ,¬(P ∧ Q),¬Q ⊢ ⊥
¬right
Γ ,¬(P ∧ Q) ⊢ ¬¬Q
em
Γ ,¬(P ∧ Q) ⊢ Q
∧right
Γ ,¬(P ∧ Q) ⊢ P ∧ Q
¬left
Γ ,¬(P ∧ Q),¬(P ∧ Q) ⊢ ⊥
cont
Γ ,¬(P ∧ Q) ⊢ ⊥
✇❤❡r❡ π̂1 ❛♥❞ π̂2 ❛r❡ t❤❡ tr❛♥s❧❛t❡❞ ♣r♦♦❢s ♦❢ π1 ❛♥❞ π2✱ em t❤❡ ❡①❝❧✉❞❡❞
♠✐❞❞❧❡ r✉❧❡✱ cont t❤❡ ❧❡❢t ❝♦♥tr❛❝t✐♦♥ r✉❧❡✱ ¬/∧ right t❤❡ r✐❣❤t r✉❧❡ ❢♦r ¬/∧ ✱ ❛♥❞
¬left t❤❡ ❧❡❢t r✉❧❡ ❢♦r ¬✳
✹✳✷ ■♠♣❧❡♠❡♥t❛t✐♦♥
●❡♥❡r❛❧ ❙❝❤❡♠❡ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ❛❧❧♦✇s ❩❡♥♦♥ t♦ ♣r♦❞✉❝❡ ❈♦q ♣r♦♦❢s
❢r♦♠ ♣r♦♦❢s ✐♥ ▲▲♣r♦♦❢✱ s✐♥❝❡ LJeq ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ t❤❡♦r② ♦❢ ❈♦q✱
✐✳❡✳ t❤❡ ❈❛❧❝✉❧✉s ♦❢ ■♥❞✉❝t✐✈❡ ❈♦♥str✉❝t✐♦♥s ✭❈■❈ ❢♦r s❤♦rt✮✳ ❆❝t✉❛❧❧②✱ ✇❡ ❤❛✈❡
t✇♦ ❦✐♥❞s ♦❢ tr❛♥s❧❛t✐♦♥s✿ ❛ ✜rst ♦♥❡ ❣❡♥❡r❛t✐♥❣ ♣r♦♦❢ s❝r✐♣ts ❛♥❞ ❛ s❡❝♦♥❞ ♦♥❡
❞✐r❡❝t❧② ❣❡♥❡r❛t✐♥❣ ♣r♦♦❢ t❡r♠s ✭t❤❛♥❦s t♦ t❤❡ ❈✉rr②✲❍♦✇❛r❞ ✐s♦♠♦r♣❤✐s♠ ❝❛♣❛✲
❜✐❧✐t② ♦❢ ❈♦q✮✳ ■♥ ❜♦t❤ tr❛♥s❧❛t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❢❛❝t♦r✐③❡ ♣r♦♦❢s ❛♥❞ ❡s♣❡❝✐❛❧❧② t♦
♠✐♥✐♠✐③❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r♦❞✉❝❡❞ ♣r♦♦❢s✱ t❤❡ ✐❞❡❛ ✐s ♥♦t t♦ ❜✉✐❧❞ t❤❡ ♣r♦♦❢ s❝r✐♣ts
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ tr❛♥s❧❛t❡❞ r✉❧❡s✱ ❜✉t t♦ ♣r♦✈❡ ❛ ❧❡♠♠❛ ❢♦r ❡❛❝❤ tr❛♥s❧❛t❡❞
r✉❧❡ ♦♥❝❡ ❛♥❞ ❢♦r ❛❧❧ ✭❛ ♠❛❝r♦ t❛❝t✐❝ ✐♥ Ltac ✐s ♥♦t ❛♣♣r♦♣r✐❛t❡ ❜❡❝❛✉s❡ t❤❡ ❜♦❞②
♦❢ t❤❡s❡ ♠❛❝r♦s ✐s r❡r✉♥ ❡❛❝❤ t✐♠❡ ❛ tr❛♥s❧❛t❡❞ r✉❧❡ ✐s ✉s❡❞ ✐♥ ❛ ♣r♦♦❢✮✳ ❚❤✉s✱
t❤❡ ❣❡♥❡r❛t❡❞ ❈♦q ♣r♦♦❢s ❛r❡ ❥✉st s❡q✉❡♥❝❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ ❧❡♠♠❛s✱ ❛♥❞
t❤❡② ❛r❡ ♥♦t ♦♥❧② q✉✐t❡ ❝♦♠♣❛❝t✱ ❜✉t ❛❧s♦ q✉✐t❡ ❡✣❝✐❡♥t ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❈♦q ❝❤❡❝❦✐♥❣ ✐s ❢❛st✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ¬ ∧ r✉❧❡ ♦❢
▲▲♣r♦♦❢ tr❛♥s❧❛t❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❈♦q ❧❡♠♠❛ ✐s t❤❡
❢♦❧❧♦✇✐♥❣✿
▲❡♠♠❛ ③❡♥♦♥❴♥♦t❛♥❞ ✿ ❢ ♦ r❛ ❧ ❧ P ◗ ✿ Pr♦♣ ✱
✭∼P→ ❋❛❧s❡ ✮ → ✭∼◗→ ❋❛❧s❡ ✮ → ✭∼✭P ∧ ◗✮ → ❋❛❧s❡ ✮ ✳
❆s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❝♦♠♣❧❡t❡ ❈♦q ♣r♦♦❢ ♣r♦❞✉❝❡❞ ❜② ❩❡♥♦♥ ❛♥❞ ✐♥✈♦❧✈✐♥❣ t❤❡
♣r❡✈✐♦✉s ❧❡♠♠❛✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦♦❢ ♦❢ ¬(P ∧ Q) ⇒ ¬P ∨ ¬Q✱ ✇❤❡r❡ P
❛♥❞ Q ❛r❡ t✇♦ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳ ❋♦r t❤✐s ♣r♦♦❢✱ ❩❡♥♦♥ ✐s ❛❜❧❡ t♦ ❣❡♥❡r❛t❡
❛ ❈♦q ♣r♦♦❢ s❝r✐♣t ❛s ❢♦❧❧♦✇s✿
P❛r❛♠❡t❡rs P ◗ ✿ Pr♦♣ ✳
▲❡♠♠❛ ❞❡❴♠♦r❣❛♥ ✿ ∼✭P ∧ ◗✮ → ∼P ∨ ∼◗✳
Pr♦♦❢ ✳
❛♣♣❧② ◆◆PP✳ ✐♥tr♦ ●✳
❛♣♣❧② ✭ ♥♦t✐♠♣❧②❴s ❴ ❴ ●✮ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✷ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✶ ✳
❛♣♣❧② ✭ ♥♦t♦r❴s ❴ ❴ ❍✶ ✮ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✹ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✸ ✳
❛♣♣❧② ❍✸ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✺ ✳
❛♣♣❧② ❍✹ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✻ ✳
❛♣♣❧② ✭ ♥♦t❛♥❞❴s ❴ ❴ ❍✷ ✮ ❀
❬ ③❡♥♦♥❴✐♥tr♦ ❍✽ ⑤ ③❡♥♦♥❴✐♥tr♦ ❍✼ ❪ ✳
❡①❛❝t ✭❍✽ ❍✻ ✮ ✳
❡①❛❝t ✭❍✼ ❍✺ ✮ ✳
◗❡❞ ✳
✇❤❡r❡ ◆◆PP ✐s t❤❡ ❡①❝❧✉❞❡❞ ♠✐❞❞❧❡✱ r✉❧❡❴s ✭✇❤❡r❡ r✉❧❡ ✐s ♥♦t✐♠♣❧②✱ ♥♦t♦r✱
❡t❝✮ ❛ ❞❡✜♥✐t✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② ♣❛rt✐❛❧❧② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❡♠♠❛ r✉❧❡
♣r♦✈✐❞✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ❛t ❛♥② ♣♦s✐t✐♦♥ ✭♥♦t ♦♥❧② ❜❡❣✐♥♥✐♥❣ ❜② t❤❡ ❧❡❢t♠♦st ♣♦✲
s✐t✐♦♥✮✱ ❛♥❞ ③❡♥♦♥❴✐♥tr♦ ❛ ♠❛❝r♦ t❛❝t✐❝ t♦ ✐♥tr♦❞✉❝❡ ✭✐♥ t❤❡ ❝♦♥t❡①t✮ ❤②♣♦t❤❡s❡s
✇✐t❤ ♣♦ss✐❜❧② ❢r❡s❤ ♥❛♠❡s ✐❢ t❤❡ ♣r♦✈✐❞❡❞ ♥❛♠❡s ❛r❡ ❛❧r❡❛❞② ✉s❡❞✳
❋♦r t❤❡ s❛♠❡ ❡①❛♠♣❧❡✱ ❩❡♥♦♥ ✐s ❛❧s♦ ❛❜❧❡ t♦ ❞✐r❡❝t❧② ♣r♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♦❢ t❡r♠ ✭✇✐t❤♦✉t t❤❡ ❤❡❧♣ ♦❢ ❈♦q✮✿
P❛r❛♠❡t❡rs P ◗ ✿ Pr♦♣ ✳
▲❡♠♠❛ ❞❡❴♠♦r❣❛♥ ✿ ∼✭P ∧ ◗✮ → ∼P ∨ ∼◗✳
Pr♦♦❢ ✳
❡①❛❝t ✭◆◆PP ❴ ✭ ❢✉♥ ● ✿ ∼✭∼✭P ∧ ◗✮ → ∼P ∨ ∼◗✮ ⇒ ✭ ♥♦t✐♠♣❧②
✭∼✭P ∧ ◗✮✮ ✭∼P ∨ ∼◗✮ ✭ ❢✉♥ ✭❍✺ ✿ ∼✭P ∧ ◗✮✮
✭❍✽ ✿ ∼✭∼P ∨ ∼◗✮✮ ⇒ ✭ ♥♦t♦r ✭∼P✮ ✭∼◗✮ ✭ ❢✉♥ ✭❍✻ ✿ ∼∼P✮
✭❍✼ ✿ ∼∼◗✮ ⇒ ✭❍✼ ✭ ❢✉♥ ❍✶ ✿ ◗ ⇒ ✭❍✻
✭ ❢✉♥ ❍✸ ✿ P ⇒ ✭ ♥♦t❛♥❞ P ◗ ✭ ❢✉♥ ❍✹ ✿ ∼P ⇒ ✭❍✹ ❍✸✮ ✮
✭ ❢✉♥ ❍✷ ✿ ∼◗ ⇒ ✭❍✷ ❍✶✮ ✮ ❍✺ ✮ ✮ ✮ ✮ ✮ ✮ ❍✽✮ ✮ ●✮ ✮ ✮ ✳
◗❡❞ ✳
❆s s❛✐❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤✐s ♣♦ss✐❜✐❧✐t② ♦❢ ❣❡♥❡r❛t✐♥❣ ♣r♦♦❢ t❡r♠s ✐s ♣❛r✲
t✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t ✐♥ t❤❡ s❡♥s❡ t❤❛t ❩❡♥♦♥ ✈❡r✐✜❡s t❤❡ ❉❡ ❇r✉✐❥♥ ❝r✐t❡r✐♦♥ ❬✶❪✱ ✐✳❡✳
✐t ❣❡♥❡r❛t❡s ❛ ♣r♦♦❢ ❢♦r♠❛t t❤❛t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② ❈♦q ❜✉t ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t❧②✱
❜② ♠❡❛♥s ♦❢ ❛♥♦t❤❡r ♣r♦❣r❛♠ ♦r ♣r♦♦❢ s②st❡♠ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts t❤❡ s❛♠❡ t②♣❡
t❤❡♦r②✳ ❋♦r ❡①❛♠♣❧❡✱ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♥❞ ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♣r✐♥t❡r✱ ✇❡ ❝❛♥
✐♠❛❣✐♥❡ ✉s✐♥❣ t❤❡ ▼❛t✐t❛ ❬✶✻❪ t❤❡♦r❡♠ ♣r♦✈❡r✱ ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣
t❤❡♦r② ✭❈■❈✮ ❛s ❈♦q✳
❉✐✣❝✉❧t✐❡s ■♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❤❛✈❡ t♦ ❜❡ ❛✇❛r❡ ♦❢ s♦♠❡ ❞✐✣❝✉❧t✐❡s✳
❖♥❡ ♦❢ t❤❡♠ ✐s t❤❛t ✇❡ ♣❧✉❣ ✜rst ♦r❞❡r ❧♦❣✐❝✱ ✇❤✐❝❤ ✐s ❛ ♣r✐♦r✐ ✉♥t②♣❡❞✱ ✐♥t♦
❛ t②♣❡❞ ❝❛❧❝✉❧✉s ✭❈■❈✮✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ✇❡ ❤❛✈❡
❛ ♠♦♥♦✲s♦rt❡❞ ✜rst ♦r❞❡r ❧♦❣✐❝✱ ♦❢ s♦rt ❯✱ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ t②♣❡s t♦ ✈❛r✐❛❜❧❡s✱
❝♦♥st❛♥ts✱ ♣r❡❞✐❝❛t❡s ❛♥❞ ❢✉♥❝t✐♦♥s ❡①♣❧✐❝✐t❧② ✭t❤❡ t②♣❡ ✐♥❢❡r❡♥❝❡ ♦✛❡r❡❞ ❜② ❈♦q
❞♦❡s ♥♦t ❛❧✇❛②s ❛❧❧♦✇ ✉s t♦ ❣✉❡ss t❤❡s❡ t②♣❡s✮✳ ❖❜✈✐♦✉s❧②✱ t❤✐s ♠✉st ❜❡ ❞♦♥❡ ♦♥❧②
✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♣✉r❡❧② ✜rst ♦r❞❡r ♣r♦♣♦s✐t✐♦♥s✱ ❜✉t ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✇✐t❤ ♣r♦♣♦✲
s✐t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ ❈♦q ♦r ❋♦❝❛❧✱ ✇❤✐❝❤ ❛r❡ ♣♦ss✐❜❧❡ ✐♥♣✉ts ❢♦r ❩❡♥♦♥✱ s✐♥❝❡ t❤❡s❡
s②st❡♠s ❛r❡ str♦♥❣❧② t②♣❡❞ ❛♥❞ ❩❡♥♦♥ ❦❡❡♣s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t②♣❡ ✐♥❢♦r♠❛t✐♦♥
✭t❤✐s ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ ❩❡♥♦♥ ✇♦r❦s ✐♥ ❛ ♥♦♥✲❞❡str✉❝t✐✈❡ ✇❛②✱ s❡❡ ❙❡❝t✐♦♥ ✷✮❀ ✐♥
t❤✐s ❝❛s❡✱ ✇❡ ❣❡♥❡r❛❧❧② ❤❛✈❡ ❛ ♠✉❧t✐✲s♦rt❡❞ ✜rst ♦r❞❡r ❧♦❣✐❝✳
❆♥♦t❤❡r ❞✐✣❝✉❧t②✱ ♣r♦❜❛❜❧② ❞❡❡♣❡r✱ ✐s t❤❛t ♠♦♥♦✴♠✉❧t✐✲s♦rt❡❞ ✜rst ♦r❞❡r
❧♦❣✐❝ ✐♠♣❧✐❝✐t❧② s✉♣♣♦s❡s t❤❛t ❡❛❝❤ s♦rt ✐s ♥♦t ❡♠♣t②✱ ✇❤✐❧❡ ✐♥ t❤❡ ❈■❈✱ t②♣❡s
♠❛② ❜❡ ♥♦t ✐♥❤❛❜✐t❡❞✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ✜①❡❞ ❜② s❦♦❧❡♠✐③✐♥❣ t❤❡ t❤❡♦r② ❛♥❞
❝♦♥s✐❞❡r✐♥❣ ❛t ❧❡❛st ♦♥❡ ❡❧❡♠❡♥t ❢♦r ❡❛❝❤ s♦rt✱ ❡✳❣✳ ❊ ❢♦r ❯✳ ❚❤✉s✱ ❢♦r ❡①❛♠♣❧❡✱
✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ❙♠✉❧❧②❛♥✬s ❞r✐♥❦❡r ♣❛r❛❞♦① ✇✐t❤ ❩❡♥♦♥ ❛s ❢♦❧❧♦✇s✿
P❛r❛♠❡t❡r ❯ ✿ ❙❡t ✳
P❛r❛♠❡t❡r ❊ ✿ ❯✳
P❛r❛♠❡t❡r ❞ ✿ ❯→ Pr♦♣ ✳
▲❡♠♠❛ ❞r✐♥❦❡r❴♣❛r❛❞♦① ✿
❡①✐sts ❳ ✿ ❯✱ ✭❞ ❳✮ → ❢ ♦ r❛ ❧ ❧ ❨ ✿ ❯✱ ✭❞ ❨✮ ✳
Pr♦♦❢ ✳
❛♣♣❧② ◆◆PP✳ ✐♥tr♦ ●✳
❛♣♣❧② ●✳ ❡①✐sts ❊✳ ❛♣♣❧② ◆◆PP✳ ③❡♥♦♥❴✐♥tr♦ ❍✸ ✳
❛♣♣❧② ✭ ♥♦t✐♠♣❧②❴s ❴ ❴ ❍✸ ✮ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✺ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✹ ✳
❛♣♣❧② ❍✹ ✳ ③❡♥♦♥❴✐♥tr♦ ❚✵ ✳ ❛♣♣❧② ◆◆PP✳ ③❡♥♦♥❴✐♥tr♦ ❍✻ ✳
❛♣♣❧② ●✳ ❡①✐sts ❚✵ ✳ ❛♣♣❧② ◆◆PP✳ ③❡♥♦♥❴✐♥tr♦ ❍✼ ✳
❛♣♣❧② ✭ ♥♦t✐♠♣❧②❴s ❴ ❴ ❍✼ ✮ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✽ ✳ ③❡♥♦♥❴✐♥tr♦ ❍✹ ✳
❡①❛❝t ✭❍✻ ❍✽ ✮ ✳
◗❡❞ ✳
✺ ❯s✐♥❣ ❩❡♥♦♥ ✐♥ Pr❛❝t✐❝❡
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❩❡♥♦♥ t❤r♦✉❣❤ ❜❡♥❝❤♠❛r❦s ❛♥❞
❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ❝❛♥ ❣❡t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❩❡♥♦♥✱ ✇❤✐❝❤ ✐s
❛✈❛✐❧❛❜❧❡ ❡✐t❤❡r ❛s ♣❛rt ♦❢ t❤❡ ❋♦❝❛❧ ❡♥✈✐r♦♥♠❡♥t ❛t ❤tt♣✿✴✴❢♦❝❛❧✳✐♥r✐❛✳❢r✴✱
♦r ❞✐r❡❝t❧② ✭❛s ❛ s❡♣❛r❛t❡ t♦♦❧✮ ❛t ❤tt♣✿✴✴❢♦❝❛❧✳✐♥r✐❛✳❢r✴③❡♥♦♥✴✳
✺✳✶ ❇❡♥❝❤♠❛r❦s
■♥ ♦r❞❡r t♦ s❡❡ ❤♦✇ ❩❡♥♦♥ ❢❛r❡s ✇✳r✳t✳ ❛✈❛✐❧❛❜❧❡ ✜rst✲♦r❞❡r t❤❡♦r❡♠ ♣r♦✈❡rs✱ ✇❡
❜❡♥❝❤♠❛r❦❡❞ ✐t ❛❣❛✐♥st ♣❛rts ♦❢ t❤❡ ❧❛t❡st ❚P❚P ❧✐❜r❛r② ❬✶✷❪ r❡❧❡❛s❡ ✭✈✸✳✷✳✵✮✳
❚❤❡ ❩❡♥♦♥ r✉♥s ✇❡r❡ ♠❛❞❡ ♦♥ ❛♥ ❆♣♣❧❡ P♦✇❡r ▼❛❝ ❈♦r❡ ✷ ❉✉♦ ✷ ●❍③✱ ✇✐t❤
❩❡♥♦♥✬s ❞❡❢❛✉❧t t✐♠❡♦✉t ♦❢ ✺ ♠✐♥ ❛♥❞ s✐③❡ ❧✐♠✐t ♦❢ ✹✵✵ ▼❜②t❡s✳ ❚❤❡ s❡t ♦❢ ❚P❚P
s②♥t❛❝t✐❝ ♣r♦❜❧❡♠s ❙❨◆ ✇❛s ❝❤♦s❡♥ ❛s r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❩❡♥♦♥✬s t②♣✐❝❛❧ t❛r❣❡t
♣r♦❜❧❡♠s✱ ❛♥❞ ✐♥❞❡❡❞ ✇❡ ❣❡t ❣♦♦❞ r❡s✉❧ts✳ ❲❡ ❛❧s♦ tr✐❡❞ ❩❡♥♦♥ ❛❣❛✐♥st t❤❡ ♣r♦❜✲
❧❡♠s ♦❢ t❤❡ ❋❖❋ ❝❛t❡❣♦r② ❢♦r t❤❡ ❧❛t❡st ❈❆❙❈ ❝♦♠♣❡t✐t✐♦♥ ❬✶✶❪✳
Pr♦❜❧❡♠s Pr♦♦❢ ❢♦✉♥❞ ◆♦ ♣r♦♦❢
t✐♠❡ s✐③❡ ♦t❤❡r
❙❨◆ t❤❡♦r❡♠s ✭✷✽✷✮ ✷✻✹ ✶✵ ✼ ✶
❈❆❙❈✲❏✸ ✭✶✺✵✮ ✹✽ ✹✻ ✺✻ ✵
❙♦♠❡ ♦❢ t❤❡ ❢♦r♠✉❧❛s ♣r♦✈❡❞ ❜② ❩❡♥♦♥ ✐♥ ❈❆❙❈ ❤❛✈❡ ❛ r❛t❤❡r ❤✐❣❤ r❛t✐♥❣✱
s✉❝❤ ❛s ❙❲❱✵✷✻✰✶ ✭✵✳✼✾✮✱ ❙❲❱✵✸✽✰✶ ✭✵✳✼✶✮✱ ♦r ▼❙❈✵✶✵✰✶ ✭✵✳✺✼✮✳ ❚❤✐s ❧❛st
♦♥❡ ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ ¬¬P ✱ ❛ss✉♠✐♥❣ P ✱ ✇❤❡r❡ P ✐s ❛ ❧❛r❣❡ ✜rst✲♦r❞❡r ❢♦r♠✉❧❛✳
❚❤❛♥❦s t♦ t❤❡ t❛❜❧❡❛✉ ♠❡t❤♦❞✱ ❩❡♥♦♥ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❢♦r♠✉❧❛✱
❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❢♦✉♥❞ ✐♠♠❡❞✐❛t❡❧②✳ ❆❧❧ t❤❡ ♣r♦♦❢s ❢♦✉♥❞ ❜② ❩❡♥♦♥ ✇❡r❡ ✈❡r✐✜❡❞
❜② ❈♦q✳
✺✳✷ ❚❤❡ ❊❉❊▼❖■ Pr♦❥❡❝t
■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❊❉❊▼❖■✹ ❬✶✵❪ ♣r♦❥❡❝t✱ ❩❡♥♦♥ ✇❛s ✉s❡❞ t♦ ❝❡rt✐❢② t❤❡
❢♦r♠❛❧ ♠♦❞❡❧s ♦❢ t✇♦ r❡❣✉❧❛t✐♦♥s r❡❧❛t❡❞ t♦ ❛✐r♣♦rt s❡❝✉r✐t②✿ t❤❡ ✜rst ♦♥❡ ✐s t❤❡
✐♥t❡r♥❛t✐♦♥❛❧ st❛♥❞❛r❞ ❆♥♥❡① ✶✼ ♣r♦❞✉❝❡❞ ❜② t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❈✐✈✐❧ ❆✈✐❛t✐♦♥
❖r❣❛♥✐③❛t✐♦♥ ✭■❈❆❖✮✱ ❛♥ ❛❣❡♥❝② ♦❢ t❤❡ ❯♥✐t❡❞ ◆❛t✐♦♥s❀ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ❊✉✲
r♦♣❡❛♥ ❉✐r❡❝t✐✈❡ ❉♦❝ ✷✸✷✵ ♣r♦❞✉❝❡❞ ❜② t❤❡ ❊✉r♦♣❡❛♥ ❈✐✈✐❧ ❆✈✐❛t✐♦♥ ❈♦♥❢❡r❡♥❝❡
✭❊❈❆❈✮ ❛♥❞ ✇❤✐❝❤ ✐s s✉♣♣♦s❡❞ t♦ r❡✜♥❡ t❤❡ ✜rst ♦♥❡ ❛t t❤❡ ❊✉r♦♣❡❛♥ ❧❡✈❡❧✳ ❚❤❡
❊❉❊▼❖■ ♣r♦❥❡❝t ❛✐♠s t♦ ✐♥t❡❣r❛t❡ ❛♥❞ ❛♣♣❧② s❡✈❡r❛❧ r❡q✉✐r❡♠❡♥ts ❡♥❣✐♥❡❡r✐♥❣
❛♥❞ ❢♦r♠❛❧ ♠❡t❤♦❞s t❡❝❤♥✐q✉❡s t♦ ❛♥❛❧②③❡ st❛♥❞❛r❞s ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛✐r♣♦rt
s❡❝✉r✐t②✳ ❚❤❡ ♥♦✈❡❧t② ♦❢ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ♣r♦❥❡❝t✱ r❡s✐❞❡s ✐♥
t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❡❝❤♥✐q✉❡s✱ ✉s✉❛❧❧② r❡s❡r✈❡❞ ❢♦r s❛❢❡t②✲❝r✐t✐❝❛❧ s♦❢t✇❛r❡✱ t♦ t❤❡
❞♦♠❛✐♥ ♦❢ r❡❣✉❧❛t✐♦♥s ✭✐♥ ✇❤✐❝❤ ♥♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❡①♣❡❝t❡❞✮✳
✹ ❚❤❡ ❊❉❊▼❖■ ♣r♦❥❡❝t ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ✧❆❝t✐♦♥ ❈♦♥❝❡rté❡ ■♥❝✐✲
t❛t✐✈❡ ❙é❝✉r✐té ■♥❢♦r♠❛t✐q✉❡✧✳
❚❤❡ t✇♦ ❢♦r♠❛❧ ♠♦❞❡❧s ♦❢ t❤❡ t✇♦ ❝♦♥s✐❞❡r❡❞ st❛♥❞❛r❞s ✇❡r❡ ❝♦♠♣❧❡t❡❞ ✉s✐♥❣
t❤❡ ❋♦❝❛❧ ❬✶✺❪ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸❪✱ ✇❤❡r❡ t❤❡ r❡❛❞❡r ❝❛♥ ❛❧s♦ ✜♥❞
❛ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❋♦❝❛❧✳ ■♥ t❤✐s ❢♦r♠❛❧✐③❛t✐♦♥✱ ❩❡♥♦♥ ✇❛s ✉s❡❞ t♦ ♣r♦✈❡ t❤❡
s❡✈❡r❛❧ ✐❞❡♥t✐✜❡❞ t❤❡♦r❡♠s ❡♥s✉r✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ❛♥❞ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ ❜♦t❤
r❡❣✉❧❛t✐♦♥s ✭❝♦♥s✐st❡♥❝② ✇❛s ♥♦t st✉❞✐❡❞ ❢♦r♠❛❧❧②✮✳ ❈♦♥❝r❡t❡❧②✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
r❡♣r❡s❡♥ts ❛❜♦✉t ✶✵✱✵✵✵ ❧✐♥❡s ♦❢ ❋♦❝❛❧ ❛♥❞ ✷✵✵ ♣r♦♦❢s ✭✷ ②❡❛rs t♦ ❜❡ ❝♦♠♣❧❡t❡❞✮✳
❘❡❣❛r❞✐♥❣ t❤❡ ✈❛❧✐❞❛t✐♦♥ ♣❛rt✱ ❩❡♥♦♥ ❛❧❧♦✇❡❞ ✉s t♦ ❞✐s❝❤❛r❣❡ ♠♦st ♦❢ t❤❡ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s ❛✉t♦♠❛t✐❝❛❧❧② ✭❛❜♦✉t ✾✵✪ ♦❢ t❤❡♠✮✳ ❆❝t✉❛❧❧②✱ ❩❡♥♦♥ ❛❧s♦ s✉❝❝❡❡❞❡❞
✐♥ ❝♦♠♣❧❡t✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣ ✶✵✪ ❛✉t♦♠❛t✐❝❛❧❧② ❜✉t ❜❡②♦♥❞ t❤❡ ❞❡❢❛✉❧t t✐♠❡♦✉t
✭s❡t t♦ ✸ ♠✐♥ ✐♥ ❋♦❝❛❧✮✳ ❚❤✐s t❡♥❞s t♦ s❤♦✇ t❤❛t ❩❡♥♦♥ ✐s q✉✐t❡ ❛♣♣r♦♣r✐❛t❡ ✇❤❡♥
❞❡❛❧✐♥❣ ✇✐t❤ ❛❜str❛❝t s♣❡❝✐✜❝❛t✐♦♥s ✭♥♦ ❝♦♥❝r❡t❡ t②♣❡s ❛♥❞ ✈❡r② ❢❡✇ ❞❡✜♥✐t✐♦♥s✮✳
❩❡♥♦♥ ❛❧s♦ ❤❡❧♣❡❞ ✉s t♦ st✉❞② t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ r❡❣✉❧❛t✐♦♥s ❢r♦♠ ❛ ♣r❛❝✲
t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ ✐❞❡❛ ✐s t♦ tr② t♦ ❞❡r✐✈❡ ❋❛❧s❡ ❢r♦♠ t❤❡ s❡t ♦❢ s❡❝✉r✐t②
♣r♦♣❡rt✐❡s ❛♥❞ t♦ ❧❡t ❩❡♥♦♥ ✇♦r❦ ♦♥ ✐t ❢♦r ❛ ✇❤✐❧❡✳ ■❢ t❤❡ ♣r♦♦❢ s✉❝❝❡❡❞s t❤❡♥ ✇❡
❤❛✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ♦t❤❡r✇✐s❡ ✇❡ ❝❛♥ ♦♥❧② ❤❛✈❡ ❛ ❝❡rt❛✐♥ ❧❡✈❡❧ ♦❢ ❝♦♥✜❞❡♥❝❡✳
❚❤✐s ❛♣♣r♦❛❝❤ ♠❛② s❡❡♠ r❛t❤❡r ♥❛✐✈❡ ❜✉t ❛♣♣❡❛rs q✉✐t❡ ♣❡rt✐♥❡♥t ✇❤❡♥ ✉s❡❞
t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡✈❡r❛❧ s❡❝✉r✐t② ♠❡❛s✉r❡s ❛❝❝♦r❞✐♥❣ t♦
s♣❡❝✐✜❝ ❛tt❛❝❦ s❝❡♥❛r✐♦s✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s t♦ ❢❛❧s✐❢② ❛♥ ❡①✐st✐♥❣ ❤②♣♦t❤❡s✐s ♦r t♦
❛❞❞ ❛♥ ✐♥❝♦♥s✐st❡♥t ❤②♣♦t❤❡s✐s ❛♥❞ t♦ st✉❞② ✐ts ✐♠♣❛❝t ♦✈❡r t❤❡ ❡♥t✐r❡ r❡❣✉❧❛✲
t✐♦♥✱ ✐✳❡✳ ✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛❧ ❝♦♥✢✐❝ts ❛r❡ ❧♦❝❛t❡❞ ❛♥❞ ✇❤✐❝❤ s❡❝✉r✐t② ♣r♦♣❡rt✐❡s
❛r❡ ❝♦♥❝❡r♥❡❞✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤✐s ❡①♣❡r✐♠❡♥t ✇✐t❤ ❩❡♥♦♥✱ t❤❡
r❡❛❞❡r ❝❛♥ r❡❢❡r t♦ ❬✹❪✳
✻ ❈♦♥❝❧✉s✐♦♥
❩❡♥♦♥ ✐s ❛♥ ❡①♣❡r✐♠❡♥t ✐♥ ♣r♦❣r❡ss✱ ❜✉t ✇❡ ❛❧r❡❛❞② ❤❛✈❡ ❛ r❡❛s♦♥❛❜❧② ♣♦✇❡r❢✉❧
♣r♦✈❡r ✭s❡❡ t❤❡ ❜❡♥❝❤♠❛r❦s✮ t❤❛t ❝❛♥ ♦✉t♣✉t ❛❝t✉❛❧ ♣r♦♦❢s ✐♥ ❈♦q ❢♦r♠❛t ✭♣r♦♦❢
s❝r✐♣ts ♦r ♣r♦♦❢ t❡r♠s✮ ❢♦r ✉s❡ ✐♥ ❛ s❦❡♣t✐❝✲st②❧❡ s②st❡♠✱ s✉❝❤ ❛s t❤❡ ❋♦❝❛❧ ❡♥✈✐✲
r♦♥♠❡♥t ❢♦r ❡①❛♠♣❧❡✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❤❡❧♣ ♣r♦✈✐❞❡❞ ❜② ❩❡♥♦♥ ✐♥ t❤❡ ❊❉❊▼❖■
♣r♦❥❡❝t ❢r❛♠❡✇♦r❦✱ ✇❤❡r❡ ♠♦st ♦❢ t❤❡ ♣r♦♦❢s ✇❡r❡ ❞✐s❝❤❛r❣❡❞ ✭❛♥❞ ❡✈❡♥ ❛❧❧ t❤❡
♣r♦♦❢s ✇✐t❤ ❛♥ ❡①t❡♥❞❡❞ t✐♠❡♦✉t✮✱ t❡♥❞s t♦ s❤♦✇ ❤♦✇ t❤✐s t♦♦❧ ✐s ❛♣♣r♦♣r✐❛t❡ ❢♦r
r❡❛❧✲✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥s✱ s♦ t❤❛t ✇❡ ❝❛♥ ❜❡ q✉✐t❡ ♦♣t✐♠✐st✐❝ r❡❣❛r❞✐♥❣ ✐ts ✉s❡✱ ✐♥
♣❛rt✐❝✉❧❛r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❋♦❝❛❧✳
❋✉t✉r❡ ✇♦r❦ ✇✐❧❧ ❢♦❝✉s ♦♥ ✐♠♣r♦✈✐♥❣ t❤❡ ❤❛♥❞❧✐♥❣ ♦❢ ♠❡t❛✈❛r✐❛❜❧❡s ✐♥ ♦r❞❡r
t♦ ❣❡t ❜❡tt❡r ❤❡✉r✐st✐❝s ❢♦r ✜♥❞✐♥❣ t❤❡ r✐❣❤t ✐♥st❛♥t✐❛t✐♦♥s✱ ❛♥❞ ♦♥ ✐♠♣❧❡♠❡♥t✲
✐♥❣ s♦♠❡ t❤❡♦r②✲❜❛s❡❞ r❡❛s♦♥✐♥❣ ❜② ✉s✐♥❣ t❤❡ ❡①t❡♥s✐♦♥ ♠❡❝❤❛♥✐s♠ ♦❢ ❩❡♥♦♥✳
❆♠♦♥❣st ♦t❤❡r ❡①t❡♥s✐♦♥s✱ ✇❡ ♣❧❛♥ t♦ ❛❞❞ ❛ t❤❡♦r② ♦❢ ❛r✐t❤♠❡t✐❝✱ ❜✉t ❛❧s♦
r❡❛s♦♥✐♥❣ ❜② ✐♥❞✉❝t✐♦♥ ✭t❤✐s ❢❡❛t✉r❡ ✐s ✉♥❞❡r ❞❡✈❡❧♦♣♠❡♥t✮✱ ✇❤✐❝❤ ✐s ❝r✉❝✐❛❧
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